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Abstract
Microuidics is the study of liquid ow in the small scale (10-1000 µm) channel networks and
is widely used in chemistry and biology as a platform for analysis, synthesis, and manipula-
tion. The construction, validation and performance characterization of an oscillatory driver
capable of producing oscillatory ow in microuidic channels in the frequency range 10-1000
Hz is detailed. The application of micro-scale oscillatory ows is broadly divided into two
categories. The rst using the time reversing nature of the ow for decreasing device size
or for prolonged optical observation and the second involving the use of steady secondary
rectied ows that arise due to uid inertia. Both of these application categories are shown
to be eectively realizable in this frequency range through the demonstration of inertial par-
ticle focusing in the former and microscale mixing in the latter. Additionally, the particular
case of steady rectied ows originating from a rigid cylindrical boundary or steady stream-
ing as it is commonly known is used to perform a probe-free optical measurement of the
kinematic viscosity of Newtonian liquids. This is followed by a study of steady streaming
ows in well-characterized model viscoelastic liquids of two kinds: namely the Boger uid
and the fractional Maxwell liquid. The streaming ow. Steady streaming velocity proles
in elastic liquids with strong shear thinning (fractional Maxwell liquids), however, display
two unique features in the conned microuidic system: (i) a non-monotonic evolution of
the inner streaming layer with increasing frequency, rst growing then decreasing in width,
and (ii) a clear asymmetry in the ow prole at high frequencies.
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1.1 Microuidic oscillatory ows: applications
Oscillatory ows in microuidic devices have been shown to be useful in a range of ap-
plications such as rapidly mixing liquids at low Reynolds numbers [Phelan et al., 2008,
Ahmed et al., 2009, Frommelt et al., 2008], particle sorting and focusing [Thameem et al., 2016,
Schmid et al., 2014, Marmottant and Hilgenfeldt, 2003, Mutlu et al., 2018], enhancement of
heat transfer [Qu et al., 2017], ow control [Leslie et al., 2009, Phillips et al., 2016], and
chemical extraction [Lestari et al., 2016, Xie et al., 2015]. These may be broadly divided into
two categories. The rst category of ows are those where oscillatory motion enables instan-
taneous local velocities or shear rates without net displacement, implemented to reduce de-
vice footprint and allow for prolonged observation [Jo et al., 2009, Alizadehgiashi et al., 2009,
Mutlu et al., 2018, Abolhasani and Jensen, 2016]. These usually involve oscillatory ows
of low frequencies (0.1-10 Hz) and large amplitudes and are particularly useful in bio-
logical and bimedical applications because of the reduced exposure to prolonged pressure
and shear rate which can damage delicate analytes. The second category of ows are
those that utilize steady rectied ows associated with an underlying primary oscillatory
ow [Riley, 2001] near boundaries or interfaces. Such ows are normally realized in the
presence high frequency oscillations (0.1 - 1000) kHz of small amplitude and have been
shown to be useful in mixing [Ahmed et al., 2009], hydrodynamic manipulation of particles
and cells [Lutz et al., 2006b, Lieu et al., 2012, Thameem et al., 2016], and more recently,
by us as discussed in chapter 6 and 7, in microrheology [Vishwanathan and Juarez, 2019b,
1
Vishwanathan and Juarez, 2019a].
1.2 Microuidic oscillatory ows: generation
At low frequencies (0.1 ≤ f ≤ 10 Hz), oscillatory ows are usually achieved by a programmed
syringe pump, electromechanical relay valves [Abolhasani and Jensen, 2016] or a pneumatic
pressure controller [Zhou and Schroeder, 2016]. The delity of the desired waveform is lim-
ited by inertia of the oscillatory driver. For low frequencies, the response time of syringe
pumps and actuators in electromechanical valves and pnuematic pressure controllers is on
the order of O(10 ms), therefore preventing the realization of sinusoidal oscillations at higher
frequencies.
At high frequencies (103 ≤ f ≤ 106 Hz), piezoelectric transducers, which typically pos-
sess resonant frequencies in this range, are used [Rallabandi et al., 2017, Phillips et al., 2016,
Xie et al., 2015, Lieu et al., 2012, Morris and Forster, 2000]. At these frequencies, eects
are usually local to the transducer and are eected through the use of rigid boundaries, in-
terfaces or bubbles which serve to amplify their eect within a microuidic device. The
utility of piezoelectric transducers in the 10 - 1000 Hz range are limited by the small
amplitudes generated. The amplitudes may be partially increased through the use of de-
signed features such as membrane cavities in the channel on to which the piezo elements
need to be bonded to be used properly [Vázquez-Vergara et al., 2017]. More recent de-
signs of microuidic oscillators primarily aim to achieve oscillatory ows free of external
actuators with a focus on miniaturization and integration with other lab-on-chip modules.
This is typically done by exploiting non-linear uid-elastic interaction with a membrane
or diaphragm unit as a steady ow is driven through it. Therefore, a time dependent re-
sponse is obtained even with a steady input at low Reynolds numbers [Xia et al., 2012,
Leslie et al., 2009, Kim et al., 2013, Mosadegh et al., 2010]. Other possibilities such as the
use of non-Newtonian uids for switching [Groisman et al., 2003], generation of oil droplets
2
as an oscillatory source [Basilio et al., 2019], and the Coanda eect [Yang et al., 2007] have
also been explored. Although these micro-oscillators are highly miniaturized, modular and
in some cases, capable of producing frequencies in the audible range [Xia et al., 2012], they
mostly require the fabrication of complex MEMS devices potentially discouraging their use
in research attempting to use oscillatory ows. Further, in microuidic oscillators that func-
tion based on uid elastic interaction the amplitudes and frequencies are coupled and hence
cannot be independently controlled.
This thesis details the construction of a simple speaker based setup capable of producing
highly sinusoidal ow in the intermediate frequency regime (10-1000 Hz) with an indepen-
dently controllable amplitude in the range 10-1000 µm. Its performance is characterized
and a validation of the resulting ow against theoretical expectations is performed. The
applications of oscillatory ow are explored in both typical categories, that is, by using the
oscillatory nature of ow for inertial particle focusing in a straight channel and the steady
secondary ows for microscale mixing of two liquids. Additionally, the steady secondary
ows created by a no-slip solid cylindrical boundary or steady streaming, is realized and
applied to visually obtain the kinematic viscosity of Newtonian liquids. The use of steady
streaming around a cylinder for microrheology is further explored by studying the ow prole
of streaming vortices with frequency for model viscoelastic liquids.
1.3 Microrheology
Microrheology aims at measuring local material properties of small quantities (µL - nL)
of uids by studying the relationship between deformation and stress. Optical microrhe-
ology techniques rely on the tracking of ow tracers under passive thermal uctuations
or active external forcing [Waigh, 2005, Squires and Mason, 2010, Wilson and Poon, 2011,
Zia, 2018]. The development of microrheological methods for complex uids and soft ma-
terials [Pipe and McKinley, 2009, Waigh, 2016] has been motivated by the advantages of-
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fered by microuidic devices compared to conventional bulk techniques. Advantages include
small sample volume, reduction of free-surface eects, direct visualization of the underlying
microstructure, and the ability to quantify low-viscosity and weakly viscoelastic solutions
[Giudice et al., 2017a, Giudice et al., 2017b]. These specialized methods have been shown to
measure material properties such as the steady shear viscosity [Gupta et al., 2016], the most
widely characterized material property, as well as the extensional viscosity [Haward, 2016],
[Galindo-Rosales and Alves, 2013], and the longest relaxation time [Giudice et al., 2015],
[Zilz et al., 2014] of various uids. Here we present a method to measure the kinematic
viscosity of Newtonian liquids optically using the ow proles arising from steady stream-
ing.
1.4 Steady Streaming
Steady streaming ows have received a renewed interest over the past decade due to their
numerous applications in microuidic devices [Friend and Yeo, 2011, Wiklund et al., 2012].
Here, steady streaming refers to the rectied ow [Riley, 2001] that occurs near the boundary
of a rigid cylinder of radius a, in an oscillating liquid with frequency f and small-amplitude
s ( a), in a stationary incompressible uid of kinematic viscosity ν. The magnitude
of the characteristic streaming velocity scales as Us ∼ εsω, where ε = s/a is the dimen-
sionless amplitude and ω = 2πf is the angular frequency. At small scales, these rectied
ows have been shown to be useful in non-contact manipulation [Amit et al., 2016], trapping
[Marmottant and Hilgenfeldt, 2003, Lutz et al., 2006a, Lieu et al., 2012], [Yazdi and Ardekani, 2012]
and sorting [Wang et al., 2011, Thameem et al., 2017] of particles and cells as well as in en-
hancing pumping [Girardo et al., 2008] and mixing [Sritharan et al., 2006, Lutz et al., 2006b,
Ahmed et al., 2009] at low Reynolds numbers. There are opportunities to use steady stream-
ing for the rheology of liquids as well [Vlassopoulos and Schowalter, 1993].
The steady streaming regime of an oscillating cylinder [Wang, 1968, Chong et al., 2013,
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Coenen, 2016] is dictated by the magnitude of the Reynolds number, Re = ωa2/ν, and the
streaming Reynolds number, Res = ωs
2/ν. Microscale streaming ows and applications
have previously focused on ultrasonic frequencies and above (f ≥ 10 kHz), typically induced
by the interaction between a liquid and surface acoustic waves generated by piezoelectric
transducers [Friend and Yeo, 2011, Yeo and Friend, 2009]. The streaming regime associated
with high frequencies and streaming Reynolds numbers greater than unity (Res > 1) is that
of a double streaming layer; an inner driving layer and an outer driven layer of the opposite
sense. At high frequencies, the inner streaming region is conned to a thin layer near the
cylinder surface making experimental studies of the inner region challenging and therefore
less common [Coenen, 2016]. By utilizing sub-kHz oscillation frequencies, our experiments
constrain the streaming Reynolds number to always be less than unity (Res < 1), ensuring
that the inner streaming layer is comparable in size to the cylinder radius allowing proper
resolution and measurability as compared to streaming ows in the Res > 1 regime. Because
the inner boundary layer thickness scales as δ ∼
√
ν/ω, our approach characterizes the
evolution of the inner streaming boundary layer as a function of oscillation frequency with
standard particle tracking techniques.
Dramatic changes in the steady streaming ow eld of dilute polymer solutions around
a cylinder oscillating at low frequencies (10 ≤ f ≤ 100 Hz) were experimentally observed
[Chang and Schowalter, 1974]. In contrast to the Newtonian case, the inner streaming layer
in non-Newtonian liquids was found to grow in size with increasing frequency, eventually
displacing the outer driven vortices completely and giving the appearance of a reversed ow
[Chang and Schowalter, 1979]. The growth of the inner streaming layer was theoretically
described using viscoelastic constitutive models [Frater, 1967, Chang, 1977, James, 1977,
Böhme, 1992], however, few studies have investigated the link between the steady streaming
ow and the measured rheological properties of non-Newtonian liquids. One such study
used steady streaming as a rheological tool to characterize drag-reduction in dilute polymer
solutions [Vlassopoulos and Schowalter, 1993]. While a qualitative correlation between the
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drag reduction performance and the liquid relaxation time was observed, inconsistencies in
the measured relaxation times from steady streaming diered by two orders of magnitude
when compared to estimates from steady shear rheology. This key observation implied that
the longest relaxation time may not be the important characteristic time when considering
steady streaming in non-Newtonian liquids.
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Chapter 2
Experimental setup and methods
The apparatus is set up as displayed in the schematic, shown in Figure 2.1 (a). A PDMS
microchannel is bonded to a glass slide and observed through an inverted microscope. A
loudspeaker (DROK TDA7297B, 15 W, 90 dB) is mounted next to the microscope stage. The
oscillation frequency and amplitude (volume) of the loudspeaker diaphragm are controlled by
a computer via an auxiliary cable. One end of microuidic tubing (PE60 Intramedic 427416,
0.76 mm ID × 1.22 mm OD) is directly attached to the diaphragm of loudspeaker while
the other end is inserted into the microchannel outlet. The tubing is maintained taut and
its boundary conditions correspond to a xed end at the microchannel outlet and a forced
oscillatory displacement at the diaphragm. The microchannel and the tubing are lled with
liquid during operation. The oscillatory displacement of the diaphragm is transduced into
elastic deformations of the microuidic tubing at the xed end of the device outlet. The
stress induced by tubing deformation generates a time-varying pressure within, resulting in
oscillatory displacement of the liquid at the same frequency (f) as the diaphragm. The
streamwise displacement of a tracer particle in the channel is described by x = s cos(ωt+φ)
and illustrated in Figure 2.1 (b). Here, s oscillation amplitude, ω is the angular frequency,
and φ is the initial phase.
To characterize the oscillatory ow in microchannels, tracer particles at the midplane of
the microchannel were observed using brighteld illumination with objectives of 10× and
20× magnication (depth of eld 8.5 µm and 5.5 µm respectively). To ensure that the
tracers accurately represented the ow, polystyrene tracer particles with a mean diameter












Figure 2.1: (a) Schematic of the experimental setup. The loudspeaker diaphragm is directly
interfaced with microuidic tubing (maintained taut and lled with liquid) to generate si-
nusoidal liquid oscillations in a PDMS microchannel. (b) Schematic of tracer particle (and
liquid) displacement in a microchannel described by the oscillation amplitude and angular
frequency. (c) Experimental streamwise displacement of 0.93 µm diameter tracer particles in
water over a number of oscillation cycles obtained with micro-particle tracking velocimetry.
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otherwise). The response time associated with the tracer particles (τ = ρd2/18µ ≈ 50×10−9
s) is much smaller than the oscillatory timescales considered in this study (τ  1/f). The
oscillatory displacement of the particle positions were recorded using a high-speed scientic
CMOS camera (Edgertronic R© SC2+) with frame rates exactly twenty times larger than
the driving oscillation frequency (20f). The long time tracking of a steady streaming ow
prole or inertial particle was performed stroboscopically using framerates that are equal
to or perfect divisors of the oscillation frequency by a high resolution global shutter CMOS
camera (XIMEA R© XiQ). The displacement and velocity elds are then obtained from 2D
particle tracking velocimetry algorithms.
PDMS microchannels were produced from a SU-8 patterned master silicon wafer. The
microchannel geometries used were the following: (i) a square channel with a width and
height of 110 µm and length of 5 cm, (ii) a rectangular channel with a width of 5 mm, height
of 200 µm, and length of 2 cm, and (iii) a cross slot channel with square cross section with
a width and height of 110 µm (iv) rectangular channels with a width of 5 mm, height of
200 µm, and length of 2 cm with a single cylindrical protrusion at the geometric center of




Examples of streamwise displacement of individually tracked particles from their mean po-
sition over a number of cycles during a 20 ms period are shown in Figure 2.1 (c). The ratio
of sampling frequency (camera framerate) to liquid oscillation frequency is kept constant at
20. That is, for oscillation at 200, 400 and 800 Hz, a framerate of 4000, 8000 and 16000 Hz
is used, respectively. The corresponding amplitudes are 100, 27 and 14 µm.
The independent operational range between amplitude and frequency is shown in Figure
3.1 (a). For a given frequency, the displacement of a tracer particle is dependent on the
volume setting of the loudspeaker. As an example, three volume settings are considered
here: low (30%), intermediate (60%), and high (90%), where the percentages correspond
to the maximum speaker volume as determined by the computer. At 100 Hz, for example,
the amplitude ranges from 50 µm at low to 800 µm at high volume setting. The amplitude
swept by a tracer particle over a single oscillation period, for a given volume setting, shows
a non-monotonic variation with frequency. Owing to the performance characteristics of the
speaker, the maximum oscillation amplitude occurs at 200 Hz, which corresponds to the
resonant frequency (≈ 230 Hz) of the loudspeaker diaphragm. The horizontal black line
indicates the maximum particle oscillation amplitude of 800 µm that can be measured due
to the eld of view limited by the camera when using a 10× microscope objective lens.
A Fourier spectrum analysis of particle trajectories at varying oscillation amplitudes
and frequencies is shown in Figure 3.1 (b). The spectra have been obtained for oscillation
frequencies of 50, 200 and 800 Hz and at volume settings of low, intermediate, and high.
For low and intermediate volume settings, monodisperse peaks in the spectral intensity
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Figure 3.1: (a) The amplitude of oscillatory displacement in microchannels for a range of
frequencies and three amplitudes, or speaker volume settings, of low (30%, blue), interme-
diate (60%, magenta) and high (90%, red). (b) Fourier spectrum analysis of tracer particle
displacement in the streamwise direction at three dierent frequencies (50, 200, and 800 Hz)
and amplitudes (low, intermediate, and high).
correspond to the input driving frequency of the loudspeaker. The peaks are especially
narrow at 200 Hz, or near the resonance frequency of the diaphragm. For high volume
settings, the peaks correspond to the input driving frequency, however, widening of the peak
is noticeable. In some cases, such as for 800 Hz at high volume setting, contributions due to
higher harmonics are of considerable strength.
A quantitative measure of harmonic distortion present in the signal as compared to
the fundamental driving frequency is obtained by calculating the total harmonic distortion




i /V1, where Vi is the power of the spectral
intensity at the ith harmonic [Shmilovitz, 2005]. A low THD value is associated with a more
accurate representation of the original driving signal. For low volume settings, the THD
at 50, 200, and 800 Hz are 3.5%, 7.1%, and 9.1%, respectively. For intermediate volume
settings, the THD at 50, 200, and 800 Hz are 5.2%, 8.9%, and 13.4%, respectively.For high
volume settings, the THD at 50, 200, and 800 Hz are 7.3%, 11.1%, and 21.3%, respectively.
The growing magnitude of higher harmonics with increasing speaker volume typically limits
operation at frequencies > 400 Hz to low or intermediate speaker volumes. At low frequen-
cies however, the maximum amplitude is chosen to avoid damage to the microchannel or
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unfastening of the outlet tube from the speaker cone. Therefore, sinusoidal oscillations with
amplitudes ranging from 10 < s < 200 µm can be reliably achieved throughout the entire
range of frequency.






where Dh and L are the hydraulic diameter and length of the channel. For the square
channel (Dh = 110 µm and L = 5 cm) lled with DI water (µ = 1.002 mPa s) and settings
for maximum oscillatory displacement (f = 200 Hz, s = 600 µm), the pressure inside the
channel is calculated to be approximately equal to 31 kPa.
The small length scales of O(100 µm) associated with microchannels imply that most
microscale ows are laminar ows governed by the Stokes equation. An important feature of
microscale oscillatory ows in the 10−1000 Hz range is that transient eects associated with
the unsteady Stokes equation become signicant. An example of departure from Stokes ow
is illustrated by the comparison of the steady Stokes ow velocity prole [O'Brien, 1975] at
the midplane (black solid curve) against those obtained experimentally for oscillatory ow
at dierent frequencies (symbols), shown in Figure 3.2 (a).
To obtain the amplitude of velocity in the square channel midplane, 50 − 200 parti-
cles (0.93 µm diameter) are tracked for one hundred oscillation cycles and their respective
velocities are computed. The amplitude of each velocity series (Umax(y)) is obtained and
superposed in the streamwise direction. The resulting spread of speeds is ltered for outliers
and averaged. The associated statistical error bars are smaller than the data markers shown.
The results for 100 Hz and 400 Hz are similar to the Stokes laminar ow prole (black
solid curve). At 800 Hz, however, there is considerable deviation from the steady velocity
prole due to increasing W/δ with frequency. For the cases of 100, 400, and 800 Hz the
W/δ values are 2.75, 5.51, and 7.78, respectively. For these W/δ values, the analytical
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Figure 3.2: (a) Oscillatory velocity ow prole in a square channel (symbols) showing devi-
ation from Stokes ow prole (black solid curve) with increasing frequency. (b) Oscillatory
velocity prole with position (symbols) near a solid channel wall in a semi-innite rectangu-
lar channel (W  H) showing agreement with the theoretical solution (black solid curve)
to Stokes' second problem [Landau and Lifshits, 1959] with increasing frequency. (Inset)
Close-up of the region from 1.5 ≤ y/δ ≤ 4.5 to demonstrate agreement with equation (3.2)
at dierent frequencies.
series solution for the amplitude of the midplane oscillatory velocity prole (Umax(y)) was
evaluated correct to one hundred terms [O'Brien, 1975], and are shown by the continuous
lines to good agreement with experimental data, even at 800 Hz.
In contrast, deviations from the unsteady Stokes equation are demonstrated in Figure 3.2
(b) by comparing the amplitude of measured oscillatory ow (symbols) in the rectangular
channel (W  H), with those obtained theoretically from the solution to oscillatory ow
over an innite at plate (Stokes' second problem) [Landau and Lifshits, 1959, Wang, 1989].






cosh (y/δ)− cos (y/δ) , (3.2)
where δ is the Stokes boundary layer length and equal to
√
µ/ρω. At 800 Hz, normalized
experimental data (symbols) is in good agreement with equation (3.2). At 50 Hz, and to a
lesser extent at 200 Hz, deviations from the theory occur where the velocity amplitudes are
larger than those at the far eld and is detailed in the inset. This is due to the relatively
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short channel height (200 µm) and the eect of boundary layers at the top and bottom
walls of the channel aecting ow at the midplane. The corresponding values of W/δ for
the cases of 50, 200, and 800 Hz are 3.57, 7.14, and 14.3, respectively. Therefore, at the
midplane, eects of channel side-walls may be neglected for distances larger than 4δ into
the channel. Further, three dimensional ow eects can be ignored for W/δ ≥ 7.5 when the
shorter dimension is used.
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Chapter 4
Oscillatory focusing of inertial particle
Inertial focusing in microchannels is a passive technique where suspended particles under-
going unidirectional ow migrate across streamlines, due to particle inertia, to equilibrium
focus positions [Di Carlo et al., 2007, Di Carlo, 2009, Martel and Toner, 2014]. In straight
channels, of rectangular or circular cross section, the competing forces that lead to particle
migration are the wall interaction force, which directs the particle away from the channel
wall, and the shear gradient force, which directs the particle toward the channel wall. The
summation of these forces is termed the inertial lift and the equilibrium position of the par-
ticle is determined once the opposing forces are balanced. Factors inuencing the inertial
lift force are the channel geometry, ow rate, and particle size. Since it is a high-throughput
method for non-contact manipulation at the microscale, inertial focusing has been utilized in
numerous applications ranging from ow cytometry [Hur et al., 2010, Bhagat et al., 2010],
[Oakey et al., 2010] size sorting [Kuntaegowdanahalli et al., 2009, Wu et al., 2012] , mixing
[Amini et al., 2012], and ltration [Seo et al., 2007]. An important parameter when design-
ing channels for applications is the length required to reach the equilibrium focus position,





where Um is the maximum ow velocity and C` is the lift coecient, which typically varies in
the range of 0.02−0.05. From this relation, it is apparent that suciently high velocities and






Figure 4.1: (a) Inertial focusing of a 10 µm polystyrene particle in oscillatory ow with a
frequency of 400 Hz in a 110 µm square channel. (b) The spanwise location of the particle
centroids as they migrate to the equilibrium position at the center of the channel during
oscillatory ow.
strates the use of oscillatory ows for inertial focusing, where oscillatory ow at relatively low
frequencies (< 20 Hz) results in a channel of practically innite length [Mutlu et al., 2018].
Thus, it becomes possible to focus particles with far smaller particle Reynolds numbers
corresponding to Rep = (d/2W )
2Re < 0.01.
Inertial focusing of a 10 µm polystyrene particle in oscillatory ow of 400 Hz with an
amplitude of 22 µm is demonstrated in the square channel, for which, Rep = 0.050 and
d/W = 0.182. Micrographs of a single polystyrene particle at regular time intervals as it
migrates to the equilibrium position is shown in Figure 4.1 (a). Using stroboscopic imaging,
the lateral migration toward the center of the channel is apparent. The corresponding vertical
position of the particle centroid, as determined by particle tracking, is shown as a function
of the approximate path length traversed by the particle in Figure 4.1 (b). The marked
points (symbols) correspond to the instances shown in the micrographs. The path length
is estimated as 4sft, where 4s is the distance covered by the particle at the center of the
channel in a single oscillation cycle and t is the time elapsed after the start of oscillations.
The focusing behavior of another particle at 25 Hz and an amplitude of 36 µm is also
shown. The corresponding path length for focusing (or focus length) is found to be about
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0.15 m, comparable to the 400 Hz case and in good agreement with previous results for
similar conditions (Rep = 0.050 and d/W = 0.25) [Mutlu et al., 2018]. The time required
for focusing, however, is about 3 seconds for the 400 Hz case and 35 seconds for the 25 Hz
case.
The advantages of oscillatory ow for inertial focusing include decreased channel lengths,
lower pressure drops, and lower shear rates. Because there is no net displacement, the
particle remains in the eld of view as it migrates to the equilibrium position. In contrast
with unidirectional ow, the approximate channel length required for the particle to reach it's
equilibrium position as determined by equation (4.1), where Um is given by the characteristic
uid velocity sω, is Lf ≈ 1.37 m, which is impractical. The lower pressure drop allows for the
convenient fabrication and use of PDMS microchannels. The combination of lower pressure
drop and lower shear rates is of particular interest in biomedical application where cells are





Oscillatory flow Steady streaming flow
100 𝜇m
Figure 4.2: Steady streaming around a cylindrical obstacle in a microuidic device. (Left)
Pathlines of tracer particles captured with high-speed imaging. The displacement amplitude
of 2s is shown as the uid undergoes one period of oscillation. (Right) Pathlines of tracer
particles captured with stroboscopic imaging. Half of the steady streaming prole is shown
with two counter-rotating vortices and the location of the eddy center, Le. Here, the cylinder
radius is a = 100 µm.
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Chapter 5
Mixing with steady secondary ows
Low Reynolds number (Re ≤ 1) ow in microchannels present a signicant challenge to
applications involving mixing [Ottino and Wiggins, 2004]. This is because, the dominant
mechanism of mixing is diusion in the absence of chaotic advection, which is normally
associated with high Re mixing. The eectiveness of mixing is quantied by estimating the
length required to achieve mixing (Lm). For purely diusive mixing,
Lm ≥ DhPe . (5.1)
Above, Pe is the Peclet number and dened as the ratio of UaW/D, where Ua is the average
ow velocity and D is the diusion coecient. For Re ≤ 1 and diusion coecients of
D ≈ 100 µm2 s1, the Peclet number would be Pe ≥ 104, resulting in a channel length for
sucient mixing to be Lm ≥ 1 m, which is undesirable.
To overcome this challenge, a variety of microscale mixers have been developed to enhance
mixing at low Re, and are categorized as either passive or active mixers [Hessel et al., 2005,
Nguyen and Wu, 2005, Lee et al., 2011, Ward and Fan, 2015, Lee et al., 2016, Cai et al., 2017].
Passive mixers make use of the channel geometry, usually incorporating repeating complex
or 3D channel features to enhance mixing of two streams owing together at a constant rate.
On the other hand, active mixers rely on externally applied forces and are further catego-
rized based on the nature of the external actuation [Ober et al., 2015]. One such category of
mixers are acoustic micromixers [Liu et al., 2002, Ahmed et al., 2009, Bachman et al., 2019]













Figure 5.1: (a) Mixing of co-owing streams of 30% (w/w) aqueous glycerol solutions with-
out oscillations applied. (b) Mixing of co-owing streams of 30% (w/w) aqueous glycerol
solutions with oscillations applied at a frequency of 400 Hz. (c) Mixing index as a function
of frequency for constant amplitude and constant volume settings measured at a distance
2.5W downstream from the cross-slot region. Scale bar is 200 µm.
liquids.
Here, mixing of two aqueous glycerol solutions (30% w/w, µ = 2 mPa s), one with
colored dye and one without, is demonstrated in the cross-slot channel using steady rectied
ows. As seen from gure 5.1 (a), the dyed solution enters the cross-slot with a ow rate
of 0.3 µL/min (red arrow) while the undyed solution enters the cross-slot from either side
with identical ow rates of 0.15 µL/min (green arrows). This results in a total ow rate of
0.6 µL/min at the outlet.
When no oscillatory ow is imposed, minimal diusive mixing at the interface is observed
within the eld of view. When oscillatory ow of 400 Hz is imposed on the same congu-
ration, steady vortices are generated near the corners of the cross-slot as seen in Figure 5.1
(b), which facilitate mass transfer across the interface through advection. A large exposure
time of 20 ms was used for imaging so that variations over signal phase are averaged.
Mixing performance is quantied by rst obtaining the intensity prole across the channel
at a distance 2.5W downstream from the center of the cross slot, indicated by the yellow
dashed lines in Figure 5.1 (a) and (b). The standard deviation of the mixture fraction
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prole, derived from the intensity values, is used as the mixing index and is dened as
MI =
√
Σ(Ii − Im)2/N , where, Ii is the pixel intensity value and Im is the pixel intensity of
a completely mixed solution, and N is the number of sampling points [Liu et al., 2000]. The
values of the index range from MI = 0.5 for completely unmixed to MI = 0 for completely
mixed solutions. A value of MI ≤ 0.1 indicates sucient mixing.
The variation of the mixing index as a function of frequency for both constant oscillation
amplitude and constant volume setting are shown in Figure 5.1 (c). For constant amplitude
settings, the mixing index decreases monotonically with increasing frequency, implying suf-
cient mixing for f ≥ 400 Hz. The improved mixing with increasing frequency is due to the
increase in magnitude of the steady rectied ow velocities, which scale as O(s2ω). For a
constant volume (intermediate) setting, however, the mixing index is non-monotonic, with
sucient mixing occurring in the range of 100 − 200 Hz. Based on the amplitude charac-
teristics, shown in Figure 3.1 (a), for constant volume settings, the largest amplitudes occur
near the resonance frequency of the loudspeaker diaphragm.
For the specic case presented here, the length demonstrated to achieve good mixing
with steady rectied ows (Lm ≤ 250 µm) is much less than the length required for mixing
according to equation (5.1), which is calculated to be Lm = 2.5 cm. Although the nature
of forces involved are purely hydrodynamic, oscillatory ows with independently control-
lable amplitude and frequency allow for the decoupling of ow rate from the rate of mixing
which is not possible for passive micromixers. Additionally for the range of frequencies
and amplitudes achieved here, strong rectied ows are achieved near solid boundaries in
the microchannel as opposed to the boundaries of bubbles used with ultrasonic frequencies
elsewhere [Liu et al., 2002, Ahmed et al., 2009] which are unstable at long operation times.
Lastly, the implementation of this method in combination with any other passive or active
technique can further enhance mixing at the microscale by increasing the number of passes
without aecting ow rate.
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Chapter 6
Newtonian viscometry with steady
streaming ows
The steady streaming ow eld of an incompressible Newtonian liquid near a PDMS cylinder
of radius a is illustrated in Figure 4.2. The oscillation amplitude is determined from the
pathlines of individual tracer particles undergoing a single period of oscillation located far
from the cylinder, approximately 5a, where the ow is uniform. An example of a minimum
projection image, captured with high-speed imaging, shows the pathlines of tracer parti-
cles near the cylinder (Fig. 4.2, left). When viewed stroboscopically, the secondary steady
streaming ow component, rather than the oscillatory ow component, is observed. The
steady streaming ow has a quadrupolar structure, consisting of four counter-rotating vor-
tices centered a distance Le normal to the cylinder surface (Fig. 4.2, right). Flow is directed
toward the cylinder boundary parallel to the oscillation direction and away from the cylinder
boundary perpendicular to the oscillation direction.
The evolution of the steady streaming ow prole with increasing frequency for water is
shown in Figure 6.1. The four counter rotating vortices are identied with tracer particle
pathlines (Fig. 6.1, top row). The magnitude of the 2D velocity eld was obtained by tracking
between 500 − 1000 particles for 1500 frames using standard particle tracking velocimetry
(PTV) routines [Ouellette et al., 2006]. Based on the particle seeding concentration, the
depth of eld, and imaging region of interest, the predicted number of trackable particles























Figure 6.1: Evolution of the steady streaming prole with increasing oscillatory frequency.
(top) Pathlines of tracer particles captured with stroboscopic imaging showing the steady
streaming prole around a cylindrical obstacle. The location of the eddy center, Le denoted
by the red arrows, moves closer to the cylinder boundary as the oscillation frequency is
increased. (bottom) Normalized velocity eld magnitude proles obtained from particle
tracking velocimetry (color online).
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6.1 Calibration
The location of the central vortices with respect to the cylinder boundary are quantied
by the eddy center locations, Le, which decrease in magnitude with increasing oscillation
frequency (Fig. 6.1). The eddy center locations can be determined from custom image
analysis routines that identify the cylinder centroid, cylinder boundary, and the location of
the local minima of the velocity eld with respect to the centroid. Subtracting the value
of the cylinder radius determined the value of Le (Fig. 6.1, 100 Hz bottom row). The
eddy center distance can also be determined manually from particle pathline visualizations
(Fig. 4.2, right and Fig. 6.1, 100 Hz top row). When eddy center measurements from image
analysis routines were compared with manual measurements for DI water, it was found to
dier by < 3%. The error in the eddy center measurements for both image analysis routines
and manual methods, was taken to be half the dierence between the maximum and the
minimum of the four eddy center distances. This is an upper estimate for the error as
compared to the error across multiple trials since the dominant factors are interference from
the channel wall at low frequencies and manufacturing imperfections at high frequencies.
Therefore, the streaming patterns, while prone to minor asymmetries, are highly repeatable
and insensitive to variations in amplitude.
The dimensionless eddy center location increases monotonically with increasing dimen-
sionless Stokes length (Fig. 6.2 (a)). In this case, the Newtonian liquid used was deionized
water with ν = 0.949 × 10−6 m2/s. For small Stokes lengths (
√
ν/ωa2 ≤ 0.1), the dimen-
sionless eddy center increases linearly, in good agreement with theory[Holtsmark et al., 1954]
(Fig. 6.2 (a), black dashed line). For larger Stokes lengths (
√
ν/ωa2 ≥ 0.1), the location
of the dimensionless eddy center diverges from the linear behavior and approaches a xed
value of Le/a. The plateau behavior is attributed to the interaction of the streaming vortices
with the nite width of the microuidic channel walls. It was previously shown that when√
ν/ωa2 is in the range of 0.16−0.18, the outer boundary distance of the streaming vortices
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Figure 6.2: (a) Experimental measurements (symbols) of the nondimensional eddy center
distance from the cylinder surface versus the nondimensional Stokes boundary layer for
water. Calibration curves (grey dashed lines) for each cylinder radius are generated by
tting and exponential function to data points. Experiments converge to the analytical
solution [Holtsmark et al., 1954] (black dashed line) at high frequencies and large cylinder
radii. (b) Kinematic viscosity measurements of Newtonian liquids using steady streaming
ows in microuidic devices with a cylinder radius of 200 µm. Dashed lines represent that
average of individual values for frequencies greater than 300 Hz.
grows very rapidly [Raney et al., 1954]. Eventually, the outer boundary distance becomes
greater than the width of the microuidic channel and, as a result, prevents the eddy center
distance from increasing with decreasing frequency.
Since the behavior was consistent for cylinders of dierent radii, calibration curves were
generated by tting an exponential function, Le/a = A − Be
√
ν/ωa2 , to the experimental
data, where A/B is approximately unity (Fig. 6.2 (a), grey dashed lines). Therefore, the
kinematic viscosity of a Newtonian liquid can be determined by measuring the location of the
dimensionless eddy center for given microuidic device with cylinder radius a and angular
frequency ω. Microuidic devices with a 200 µm cylinder radius provided the largest dynamic
range in measurements of Le for the range of operation frequencies. Therefore, the 200 µm




The kinematic viscosity of three dierent Newtonian liquids was determined from the steady
streaming proles in microuidic devices (Fig. 6.2 (b)) . The Newtonian liquids used were
acetone, ethanol, and an aqueous solution of 30% glycerol by weight. Note that while particle
tracking methods are not required, tracer particles are still necessary for all measurements to
identify the eddy center using the particle pathline visualization method. The sedimentation
time for the particles used in ethanol, water, and aqueous 30% glycerol solutions was greater
than 24 hours, while for acetone, about half of the particles sediment in 2− 3 hours. Since
an experiment for a given frequency in our setup requires only seconds to complete, the
sedimentation of particles does not aect the streaming prole. For frequencies greater than
200 Hz, the reported measurements of kinematic viscosity are approximately constant, or
independent of oscillation frequency. Therefore, to obtain a single value of the kinematic
viscosity, measurements for frequencies of 300 Hz and greater were averaged together.
The average values of kinematic viscosity are represented by grey dashed lines in Fig-
ure 6.2 (b). The kinematic viscosity of acetone was measured to be 3.52× 10−7 m2/s, which
is within 12% of the expected value [Howard and Pike, 1959]. The kinematic viscosity of
ethanol was measured to be 1.48 × 10−6 m2/s, which is within 2.6% of the expected value
[Soliman and Marschall, 1990]. Finally, the kinematic viscosity of the 30% glycerol (w/w)
solution was measured to be 2.37 × 10−6 m2/s, which is within 1.6% of the expected value
[Glycerine Producers' Association, 1963].
The performance of our technique was compared against tabulated values of kinematic
viscosity under similar temperature conditions. The accuracy of our measurements ranged
from within 2% to 12% for ethanol and acetone, respectively. The largest discrepancy, in the
case of acetone, is attributed to bubble formation within the device. The bubbles originate
at the interface between acetone and the electroacoustic transducer due to the volatility of
acetone. At lower frequencies, the oscillation amplitudes need to be larger for observable
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streaming to occur since streaming velocity scales as ε2ω. The larger oscillation amplitude




Viscoelastic liquids in steady streaming
ows
The eectiveness of steady streaming as a microrheological tool has been demonstrated above
for low-viscosity Newtonian liquids in microuidic devices [Vishwanathan and Juarez, 2019c].
In this work, we experimentally investigate steady streaming of non-Newtonian liquids in
microuidic devices. A major advantage of the microscale approach is that higher frequen-
cies can be accessed due to lower system inertia arising from small length scales O(100 µm).
Further, smaller cylinder radii enable larger strains and improved spatial-temporal resolution
of the rotational inner layer where the liquid rheology is critical, even though comparatively
higher frequencies are used. The motivation for our study is three-fold. First, to make quan-
titative observations on the inner streaming layer of non-Newtonian liquids in the context of
microuidics where they stand to be most likely encountered in contemporary applications.
Second, to explore the relationship between the bulk rheology and molecular properties
of model dilute and semi-dilute polymer solutions with the observed streaming ows, and
third, to elucidate the possible mechanism by which the non-Newtonian behavior manifests
in streaming.
7.1 Liquids and rheology
7.1.1 Polymer solutions
Solutions were prepared by step-wise dissolution of dierent polymers into deionized (DI)
water with gentle agitation at 60 rpm for 4− 6 hours. After initial dispersion, the required
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nal concentration was achieved by successive dilution with DI water. The polymers used
in this study were xanthan gum (XG, 2.7 × 106 MW, Sigma Aldrich G1253), non-ionic
polyacrylamide (PAA, 6 × 106 MW, Polysciences 02806), and polyacrylamide-acrylate co-
polymer with a 30% degree of hydrolysis (hPAA, 18 × 106 MW, Polysciences 18522). In
addition to the above aqueous solutions, salinated polyacrylamide-acrylate (hPAAs) was
prepared by dissolving hPAA in 0.5 M NaCl solution. The properties of the polymer
molecules and the polymer solutions are listed in Table ??. Estimates of the overlap concen-
tration c∗ for these model solutions have been reported in literature [Kulicke and Haas, 1984,
Turkoz et al., 2018, François et al., 1979]. Here, all solution concentrations are reported in
parts-per-million (ppm) by weight, that is, 1 ppm = 10−6 gram of solute per gram of solvent.
7.1.2 Bulk rheology
The steady shear viscosity (η) versus shear rate (γ̇), and the storage (G′) and loss (G′′)
moduli versus angular frequency (ω) for some polymer solutions are shown in Figure 7.1.
We characterize all liquids using a temperature-controlled cone-and-plate geometry rheome-
ter (strain-controlled Ares G2, TA Instruments) at 25 ◦C. We nd strong shear thinning in
1000 ppm xanthan gum (XG 1000) and 50 ppm polyacrylamide-acrylate (hPAA 50) solu-
tions, shown in Figure 7.1 (a). At lower concentration solutions of XG 400 and hPAA 20
(not shown), shear thinning behavior is decreased. Shear thinning is minimal for the 4000
ppm non-ionic polyacrylamide (PAA 4000) and 500 ppm salinated polyacrylamide-acrylate
(hPAAs 500) solutions, which can be considered Boger uids, or constant-viscosity elastic
liquids [Boger, 7778, James, 2009].
The steady shear viscosity for the solutions shown in Figure 7.1 (a) are modelled using
a Carreau model [Bird et al., 1987], determined by a zero-shear viscosity η0, innite-shear
viscosity η∞ (here, assumed to be solvent viscosity), power-law thinning index n and a relax-
ation time λCr. The dynamic moduli of PAA 4000 and hPAAs 500 shown in Figure 7.1 (b) are
described well by the Maxwell model [Bird et al., 1987] and characterized by a viscosity ηM ,
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Figure 7.1: (a) Steady state shear viscosity measurements of dilute and semi-dilute polymer
solutions used in this study and respective ts (solid line). The yellow arrow shows the mean
range of shear rates encountered in experiments. (b) Storage (closed symbols) and loss (open
symbols) moduli from oscillatory shear rheology of polymer solutions and model ts shown
as solid and dashed lines, respectively. The model parameters used are listed in Table 7.1.
and relaxation time λM . The dynamic moduli for XG 1000 and hPAA 50 on the other hand,
are modelled well using a fractional Maxwell model (FMM) [Jaishankar and McKinley, 2014]
described by two dimensionless exponents: 0 ≤ β ≤ 0.5 and β ≤ α ≤ 1; along with two
stiness quasi-properties G and V. The model based ts are shown in Figure 7.1 as solid or
dashed lines, while the model parameters are listed in Table 7.1.
A relaxation time can also be inferred from the crossover angular frequency (ωco) at
which the storage and loss moduli are equal and determined by λco = 1/ωco. A more
rigorous estimate of the relaxation time from the model parameters are λM ≈ λco for a
Maxwell liquid and λFMM = (V/G)1/(α−β) for a fractional Maxwell liquid. Yet another
estimate of the relaxation time for the constant-viscosity polymer solutions (dilute and semi-






where ηs is the solvent viscosity, [η]0 is the intrinsic shear viscosity at zero shear rate, R is the
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hPAA 50 0.119 0.001 4.96 1.51 0.993
XG 1000 0.26 0.001 3.37 1.48 0.988
hPAAs 500 0.0028 0.001 0.074 1.15 0.996






PAA 4000 0.013 0.019 0.987





[Pa sβ] α β R2
hPAA 50 0.071 0.22 0.75 0.27 0.991
XG 1000 0.23 0.39 0.86 0.34 0.996
The table shows the model parameters used to obtain the ts shown in Figure 7.1. R2 is a
residual quantifying the agreement between the t and the experimental data.
universal gas constant, and T is the temperature. Here, we take ηs = η∞ = 1×10−3 Pa s (DI
water) and [η]0 was approximated for the solutions used based on the zero-shear viscosity
and solvent viscosity. The various estimates of relaxation times from the dierent methods
are listed in Table 7.2. Note that the Zimm theory cannot be applied to polyelectrolyte
solutions such as XG and hPAA in the absence of salts [Turkoz et al., 2018].
7.2 Qualitative observation
The comparison between steady streaming in Newtonian and non-Newtonian liquids at an
oscillation frequency of 600 Hz is shown in Figure 7.2. The particle pathlines (top row)
are generated from minimum intensity projections of a sequence of stroboscopic images and
the velocity magnitude elds (bottom row) are obtained from particle tracking velocimetry.
For all cases, the quadrupolar topology of the streaming ow eld is preserved, consisting
of four identical vortices with distinct centers. Similarly, the rectied ow moves toward
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Figure 7.2: Steady streaming proles in Newtonian and non-Newtonian liquids at an oscil-
lation frequency of 600 Hz around a cylinder with radius of 100 µm. (Top row) Pathlines of
tracer particles for (a) DI water and ε = 0.07, (b) 4000 ppm non-ionic polyacrylamide and
ε = 0.08, (c) 400 ppm xanthan gum and ε = 0.15, and (d) 50 ppm hydrolyzed polyacrylamide
and ε = 0.19. (Bottom row) Corresponding steady streaming velocity magnitude eld, nor-
malized by the maximum streaming velocity, obtained from particle tracking velocimetry.





















Figure 7.3: Representative steady streaming tangential velocity prole, normalized by the
maximum streaming velocity, as a function of dimensionless radial position. This prole is
taken along the transect starting from the cylinder surface and radially outward through the
eddy center, as shown in the inset. The velocity is highest in magnitude near the cylinder
surface and zero at the eddy center location, as it goes from positive to negative values. The
full width at half maximum (FWHM) of the second (negative) peak is used to characterize
the width of the inner layer and is annotated for DI water at an oscillation frequency of 100
Hz.
the cylinder along the axis of oscillation and away from the cylinder normal to the axis of
oscillation.
The pathlines and velocity magnitude eld for a Newtonian liquid, deionized water, are
shown in Figure 7.2 (a, top and bottom). High ow velocities are located in the regions
between the cylinder surface and the eddy center, and near the cylinder surface, perpen-
dicular to the axis of oscillation. This latter dierence, compared to the velocity along the
axis, is because of increased interaction with the channel wall in the breadthwise direction
as compared to the lengthwise direction.
The steady streaming pathlines and velocity magnitude eld of a Maxwell liquid, PAA
4000, are qualitatively similar to that of a Newtonian liquid, shown in Figure 7.2 (b, top and
bottom). The main dierence, compared with DI water, is the eddy center distance from the
cylinder surface, which is larger for PAA 4000. This larger eddy center distance indicates a
higher viscosity for PAA 4000, as was recently demonstrated [Vishwanathan and Juarez, 2019c],
and is in agreement with steady state shear viscosity measurements shown in Figure 7.1 (a).
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In the fractional Maxwell liquids, a qualitative dierence is observed in particle pathlines
and velocity magnitude elds. For XG 400 solutions, the angular position of the eddy
centers move closer to the axis of oscillation, shown in Figure 7.2 (c, top). The velocity eld
has also observably changed with the velocity maximum, normal to the axis of oscillation,
separated into two regions by a local minimum, shown in Figure 7.2 (c, bottom). For hPAA
50 solutions, a more prominent change is seen where the angular position of the eddy center
as well as the velocity maximum are moved considerably towards the axis of oscillation,
Figure 7.2 (d, top and bottom).
7.3 Velocity eld results
To quantify dierences in the steady streaming prole for various liquids over a range of
frequencies, the normalized tangential velocity prole as a function of the dimensionless
radial position (r/a) along a transect from the cylinder surface through the eddy center
was examined. The transect is depicted by the red dashed arrow passing through the eddy
center in Figure 7.3 (inset). A representative experimentally measured velocity prole for
a Newtonian liquid is shown in Figure 7.3. The particular parameter of interest is the full
width at half maximum (FWHM) of the second peak, beyond the eddy center. The FWHM
provides a measure of the size of the inner layer in this streaming regime where a distinctly
visible separation between the inner and outer layers is absent. The FWHM is also preferred
because of the insensitivity to inaccuracies in particle tracking close to the cylinder surface
as well as inaccuracies in the measurement of oscillation amplitude (s).
The variation of the FWHM with frequency for Newtonian liquids, DI water and aqueous
60% glycerol (w/w) with a dynamic viscosity of 5.9 mPa s, and Maxwell liquids, PAA 4000
and hPAAs 500, is shown in Figure 7.4 (a). The Newtonian liquids exhibit slow monotonic
decrease in the FWHM with increasing oscillation frequency. The Maxwell liquids show
a nominally faster rate of decrease in the FWHM with increasing frequency, without any
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a) b)
Figure 7.4: Evolution of inner streaming layer characterized by the full width at half max-
imum for Newtonian and non-Newtonian liquids as a function of oscillation frequency in
microuidic devices. (a) The FWHM of Newtonian liquids and Maxwell liquids exhibit
monotonic decrease with increasing oscillation frequency. (b) The FWHM of fractional
Maxwell liquids, however, increases to a maximum value and then decreases with increasing
oscillation frequency.
discernible features.
This is in sharp contrast with the observations for fractional Maxwell liquids. All four
polymer solutions exhibit distinct peaks in their FWHM with increasing oscillation fre-
quency, shown in Figure 7.4 (b). For hPAA 50 ppm solutions, the FWHM grows rapidly
for oscillation frequencies of 75 Hz to 150 Hz, which is in agreement with previous obser-
vations [Vlassopoulos and Schowalter, 1993]. However, the FWHM begins to decrease with
further increasing frequency until its variation is similar to that of the solvent. Similar trends
are observed for hPAA 20 solutions, with the maximum FWHM observed at 75 Hz and a
subsequent rapid decrease to Newtonian-like behavior.
The XG 1000 and XG 400 solutions also behave in a manner consistent with our ob-
servations for the hPAA solutions, exhibiting a distinct peak in the FWHM followed by a
decrease to Newtonian-like behavior with increasing frequency. The key dierence between
the two polymers is the rate at which they decrease at large frequencies, which is slower for
XG solutions. This is in agreement with the qualitative observations where the pathlines
and the corresponding velocity magnitude elds are not as distorted in XG as they are in
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Figure 7.5: Pathlines of tracer particles illustrating experimental evidence of the predicted
cascading inertio-elastic vortices. A set of secondary, same-sense vortices is shown for an
hPAA 50 polymer solution at an oscillation frequency of 800 Hz and non-dimensional am-
plitude of ε = 0.2.
hPAA, even at 600 Hz, shown in Figure 7.2 (c) and (d). Further increase in frequency is not
found to signicantly alter the velocity prole of hPAA 20 and hPAA 50 solutions, while
XG 400 shows a gradual approach towards velocity elds similar to those of hPAA 50. This
approach is slower still for XG 1000 and therefore reected completely by the evolution of
the FWHM shown in Figure 7.4.
7.4 Interpretation
The signicant departure from four-fold symmetry in the streaming ow prole observed
for Fractional Maxwell liquids, as compared to the Newtonian case in Figure 3.1(top), is
attributed to the nature of the oscillatory strain eld and the shear thinning rheology of
these liquids (see Figure 2.1 (a)). At leading order, the rate of strain (O(εω)) in the vicinity
of the cylinder is completely extensional along the axis of oscillation, and purely shearing
perpendicular to it. The spatial-temporal mean rates of extension and shear obtained theo-
retically [Holtsmark et al., 1954] for DI water with ν = 10−6 m2/s and a cylinder radius of
100 µm are 0.15εω and 0.45εω, respectively. For the frequencies used in this study, the mean
strain rates are in the range 50− 200 s−1 for shear (shown in Figure 2.1 (a)) and 15− 60 s−1
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in the case of extension. The corresponding maximum, instantaneous rates of extension and
shear are 0.3εω and 3.73εω, respectively. The relatively large prefactor for shear is due to
its localization near the cylinder surface. As a result, the eective viscosity is considerably
lower in the high shear region for liquids exhibiting shear thinning, and consequently asym-
metry is observed in the streaming ow prole. Maxwell liquids, on the other hand, exhibit
minimal shear thinning behavior in this range of shear rates. Therefore, the location of the
eddy center and overall streaming ow prole does not dier signicantly in comparison to
Newtonian liquids.
The growth of the inner streaming layer for a cylinder oscillating at frequencies f <
100 Hz in dilute hydrolyzed polyacrlyamide solutions has been experimentally observed
[Vlassopoulos and Schowalter, 1993]. Although the growth of the inner layer at unity Deb-
orah numbers (De= λω ≈ 1) was analytically understood to be an eect of elasticity using
viscoelastic models [Frater, 1967, James, 1977, Chang, 1977], the most relevant estimate of
the relaxation time remains ambiguous. Dierent estimates of relaxation time for liquids
such as hPAA 50 and XG 1000 that show inner layer growth, are listed in Table 7.2. The
estimates vary considerably depending on the rheology data used, all of which yield De> 10,
even at 20 Hz.
In contrast, the experimental results presented here for Maxwell liquids indicate a de-
crease of the inner layer width, without the characteristic growth. While this observation is
consistent with previous experiments, which report almost Newtonian behavior for similar
liquids [Vlassopoulos and Schowalter, 1993], we note that De> 10 even at 100 Hz, regardless
of the relaxation time estimate used from Table 3.2. This lack of inner layer growth is un-
surprising when we consider that coil-stretch transitions are theorized to require ε̇λZ > 1 in
purely extensional ow [de Gennes, 1974, Larson and Magda, 1989]. Estimating the maxi-
mum instantaneous rate of extension in our experiments (ε̇ ≤ 0.3εω) to be 30− 100 s−1, the
values of λZ shown in Table 7.2 do not satisfy the criterion. Hence, polymer stretching in
the primary ow is likely insucient for the growth of the inner streaming layer in Maxwell
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liquids.
The decrease of the inner layer width following the initial growth in the fractional Maxwell
liquids has not been reported before and is best explained by a competition between the
eects of inertia and elasticity. This competition was suggested in the theoretical analysis
for an oscillating sphere (see Fig. 4 and Fig. 6 in Ref. [Böhme, 1992]) and quantied
through the material functions S = ρa2ω2/G′′ and V = G′/G′′, which are analogs of the
Reynolds number and Deborah number, respectively. Similar to theories for a cylinder,
increasing V while keeping S xed was found to increase the width of the inner streaming
layer. Increasing S for a xed V , however, results in a set of cascading same sense vortices,
of which, the innermost vortex decreases in width. Owing to the dependence of both S and
V on ω, it is dicult to experimentally achieve independent control.
Regardless, the rst experimental evidence of cascading same sense vortices for a frac-
tional Maxwell liquid (hPAA 50) at 800 Hz is shown in Figure 5.1. An important implication
of this observation is that, eventually, the eect of a growing S dominates over that of a
growing V . Indeed, we nd that this is the case from Figure 7.6 which shows the variation
of the material functions S and V with frequency for the models and t parameters given in
Table 7.1. The values to the left of the vertical dotted line lie in the range of frequencies for
which the oscillatory rheology was measured while those to the right are an extrapolation
and lie in the frequency range for which streaming is studied.
For fractional Maxwell liquids (dotted lines) and frequencies f > 100 Hz, V saturates in
the range of 1.5 < V < 2 while S grows much faster to 10 < S < 100. Therefore, there is
quantitative concord with our experimental observations of growth and subsequent shrinking
of the inner layer beyond (V = 1.5, S = 50), and the corresponding values of (V = 2, S = 50)
shown elsewhere [Böhme, 1992] at which the cascading vortices manifest, albeit for a sphere.
This suggests that a description of viscoelasticity in terms of S and V is more robust than
one based on relaxation times.
For the Maxwell liquids, however, the material function V increases rapidly when ex-
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a) b)
Figure 7.6: Variation of S (top) and V (bottom) with angular frequency based on the
rheology t models. Oscillatory rheology was performed in the frequency range to the left
of the vertical line while streaming experiments were performed in the range of frequencies
to the right.
trapolated to frequencies f > 20 Hz (solid lines in Figure 7.6 (b). Notwithstanding that the
polymer chains are likely insuciently stretched in the ow, it is worth noting that rapid
growth of V for a Maxwell liquid is unphysical because it requires an indenitely decreasing
G′′ for an approximately constant G′. The solvent viscosity (here η∞ = 1 mPa.s) provides
a denite lower bound on the loss modulus, and hence, an upper bound for V given by
G′/(η∞ω) and shown in Figure 7.6 ((b), dashed lines). Thus, for the Maxwell liquids, an
increasing ω will eventually lead to a decrease in V or, at least, a signicant decrease in its
growth with frequency. This is also true of S for which is limited by the corresponding curve
for DI water (top, dashed lines).
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XG 1000 - 79 3370 362
PAA 4000 2.7 17 46 -
hPAA 50 - 83 4960 94.7
hPAAs 500 11.2 50 74 -
Above, λZ is from Zimm theory, λco is from the crossover of dynamic moduli, λCr is from
the Carreau model, and λFMM is from the fractional Maxwell model. The relaxation times




We have discussed an accessible, eective, and versatile plug and play technique to generate
oscillatory ows over a range of amplitudes and frequencies in microchannels. By directly
interfacing microuidic tubing with a loudspeaker diaphragm, sub-kilohertz oscillatory ows
in the range of 10−1000 Hz with amplitudes in the range of 10−600 µm are produced. The
corresponding wavelengths lie between 1−100 m and are far larger than the dimensions of a
typical microchannel. Thus, nearly unattenuated ows of a uniform phase can be achieved
throughout. This is in contrast with ows in the 104 − 107 Hz range where attenuation is
signicant and eects are usually local to the transducer. The resulting velocity proles
can also be tuned from Stokes-like ow (W/δ ≤ 4) at low frequencies to plug-like unsteady
Stokes ow (W/δ ≥ 7.5) at high frequencies allowing for manipulation of the ow prole
for a given micro-scale geometry. In addition to coherent oscillatory ows, strong and well
dened rectied ows near curved boundaries and interfaces are also made possible in this
frequency and amplitude range.
The guiding principles for applications are two-fold. First, oscillatory ows permit an
increase the net distance travelled by the uid without an accompanied increase in ow rate,
shear rate, pressure drop, or particle displacement seen in long channel steady ows and
high throughput applications. More generally, such conditions are particularly useful when
the desired sample or analyte response to the ow environment is directionally invariant. In
theory, the resulting eect can be increased indenitely by simply increasing the frequency of
oscillation. Although in practice, attenuation and secondary ows which grow stronger with
increasing frequency prevent this from being realized. Owing to the large wavelengths in this
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range of ows, attenuation is limited while secondary ows usually become signicant only
for frequencies larger than 100 Hz implying that an optimum frequency is likely encountered
in the range of frequencies realized here. The resulting lower steady pressure drop and
steady shear rates are particularly useful for cells and other suspended biological matter
that are sensitive to or potentially damaged by prolonged exposure to excessive shear rates
or pressures. The absence of particle net displacement is useful in decreasing the footprint
of microuidic devices and in situations where continuous observation is needed to track the
evolution in processes such as cell growth or chemical synthesis in dynamic environments.
Second, the steady rectied ow speeds are of considerable magnitude despite the max-
imum frequency considered being much smaller than the typical resonant frequencies of
piezoelectric transducers (1− 100 kHz). This is because of the large amplitudes accessed by
the loudspeaker diaphragm and the dependency of ow speed on amplitude, which scales
as s2ω. Further, the Stokes boundary layer thickness is accurately controlled and varies in
size from 10 ≤ δ ≤ 100 µm for the highest and lowest frequencies accessed here, respec-
tively. Therefore, the ow pathlines are less sensitive to manufacturing defects and feature
surface quality, making this approach more amenable to precision applications such as sort-
ing, trapping and manipulation of particles and cells, and other controlled mass transfer
applications.
Additionally the steady secondary ows around a solid PDMS cylinder referred to more
commonly as steady streaming has been used to measure the kinematic viscosity of low
volume (<0.1 ml) and low viscosity (<10 cP) Newtonian liquids in a relatively quick (1-10
s) probe-free and entirely visual manner.
The applicability of steady streaming in measuring the rheology of viscoelastic liquids
has been critically examined. The potential advantages of using steady streaming for char-
acterizing viscoelastic solutions include the ability to create large strains due to small length
scales and access frequencies larger than those accessible in conventional rheometry. Steady
streaming presents an additional advantage where a well dened De is distinctly known since
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monotone frequencies are used. The inner steady streaming layer of dilute and semi-dilute
polymer solutions, having both Maxwell and fractional Maxwell oscillatory shear rheology.
Qualitative dierences in the velocity elds are observed for fractional Maxwell liquids, most
prominently, an angular displacement of the eddy centers towards the direction of oscillation
and consequent asymmetry. The inner streaming layer width characterized by FWHM of
fractional Maxwell liquids exhibits a non-monotonic relationship with oscillation frequency;
rst increasing in width followed by a decrease in width with increasing frequency. This
behavior is attributed to a competition between elasticity and inertia, with inertia domi-
nating at high frequencies. Maxwell liquids, however, exhibit a monotonic decrease of the
inner streaming layer width with increasing frequency at a rate nominally faster than that
observed for a Newtonian liquid. Even for oscillation periods considerably smaller than the
molecular relaxation time, we do not observe any qualitative change in the ow prole as
compared to a Newtonian liquid. This behavior is attributed to the insucient molecular
stretching by the underlying oscillatory ow.
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